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NUCLEAR HYPERFINE STRUCTURE OF Mn*

The improvement of products which utilige phosphorescent
materials, the materials which convert electrical energy
into vistble light, demand a more precise knowledge of
the bassic nature of thosphors In thkis laloratory a
detailed study of the magnetic properties of manganese
activated phosphors is being made. It 1s the object of
this report to give an interpretation to the experi-
mental results obtained, in terms of the propertses of
the manganese ions used as activators in 6 varsety

of crystals.
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ABSTRACT

A theoretical calzulation of the nuclear hyperfine
splitting in Mn'* is made by assuming that the ground
state 1s conposed of a mixture of the normal 3s5?31'
electronic configuration and a state created by the
promotion of an inner 3s electron to the 4s state. Thus

the ground state wave function 1s written as
g - vl-a? ¢(3573d") + aul3s 34 4s)

The numerical calculation of a 1s limited primarily
by the i1naccuracy of the value of the 3s and 4s radial
wave functions at the nucleus It i1s found that for the
value a’ 7 .14. the observed hyperfine splitting is ob-

talned.
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INTRODUCTION

The paramagnetic resonance spectra of Mn" diluted in powdered samples of
phosphor crystals has been observed in this laboratory.! The normal electronic
configuration and ground state of Mn™ are (1s)? - (3s)® (3#)* (3d)' and 'S,
respectively. The nuclear hyperfine structure arises from an interaction be-
tween electronic and nuclear spins. This interaction 1a a function of
(3 cos?6-1). Since the normal configuration of Mn** correaponda to a spher-
1cally symmetric charge distribution around the nucleua, the average value
of {2 cos?6-1) 1a zero, and there should be no observable hyperfine struc-
ture It was pointed out by Abragam and Pryce® that a reduction of the spher-
1cal symmetry by a crystalline field would result in a very small splitting,
and this splitting would show a characteristic anisotropy with respect to the
direction of the external magnetic field. However, observations in this lab-

oratory, and in many other laboratories, reveal a large isotropic spldatting.

It has been suggested by Abragam and Pryce that the observed hyperfine
structuire may be due to an admixture to the normal electronic configuration
of a configuration i1n which one of the inner electrons is promoted to a
hlgﬁer state. The unpaired electrons 1n the admixed state should then produce

an 1sotropic hyperfine splitting.

Configurational coupling will only couple states with the same L, S, and
parity’. so that the promoted state must also be a state with L :=0. = 5/2
and g: 2. Abragam and Pryce suggest that the most probable promotion which
will couple with the original *S state 1s the promotion of a 3s electron to
the 4s state. The wave function for the ground state of Mn* may now be writ-

ten as

(1) g = v 1 -af y(3s134°) + ay(3s 34 4s)

It 1s the purpose of this paper to calculate the fraction a which woulad

account for the experimentally observed nuclear hyperfine splitting.

INTERACTION HAMILTONIAN

By means of an expansion of the electronic field 1nto multipoles, 1t 1s
found that the interaction energy between the electron cloud and the nuclear
magnetic moment is p,-H . where H; 1s the magnetic field of the electron
cloud at the nucleus, snd u, 1s the magnetic moment of the nucleus. The vector

notenrial af the electron cloud 1s A = (ux r)r’ and the magnetic field 1s
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H-VxA - [32(u#) -ulr> The magnetic moment of the electron cloud is
u = ul. +28), and the riuclear magnetic moment is b, i 1. 3

The ground state of Mn"™ has an orbital angular momentum L =0, therefore
our Hemiltonian operator is X, = 2yu n(3(1-#)(8-#) - (S-I)]r.

* If the unit vector £ is located at an angle (6,4), then
3(I-2)(S-2) - (S D)(m,m) = [S.I. (3 cos?6-1)](m,m), and the Hamiltonian is*

(2) H = 2vp,pS, I (3 cos?é- 1)r?

hfa

EIGENFUNCTIONS

The eigenfunctions for the (3s3d* 4s) wave function will be calculated
by a method described by Gray and Wills.® A review of this method will be

givern here.
The wave function for a seven electron system 1s written as

(3) Qj(m!l ',11 uﬁz m:zt ® m: n17) # ‘.b(mll m‘l) \l.(mll mlz) o 'IJ(M: m )

7 TN

Making use of the general relation for any angular momentum operator ]

[(7+m){5-m+ D% S(sm - 1)

(4) RO, —s)) glyim) -
and calling S -iS =4 = 4 + 4+ .- + & we can write
éﬁ"j:(:,l ® o, omy n,,) = [(sl*n,l)(sl-m.."fl)]"',l'(m,‘m,‘"l, mom -}
(5)
oo 4 [(s,*n,,)(s,‘m,,"‘l)] glog m, ooompom, 1)

It 1s noted that

(6) [(s*u.)(s-m.‘rl)]“ = 3=, *K)

Having found the eigenfunction kE[LS%IS] for {=L, X-S, this method
provides a means of calculating the eigenfunctions for all other ¥ and i

values.
The folluwing notation will be used:

GlLSK ) = L STLi K]

(m!t "'x: m::) = \/Jl(ml m = £4) ,(m, m__‘i%') s g (m o metin)

Appeadin L.



Since we are interested in an S state, the eigenfunctions desired are
(¢S 0 £%) (*S 0 t%]), and [*S 0 ).
CALCULATION OF THE (*S 0 %) STATE

For the 3s 3d*4s configuration the eigenfunction for the ¥- ] state 1s
(*S 0 %) = 2% [(0°0)-(0°0%)]) (2* -2* 1 -1' 0")

The first braucket represents the antisymmetrized wave function for the
two non-equivalent s elec’ -ons, the second bracket 1s the 3d’ part of the

wave function.

Using the relation (4) we have:
(7) (¢S 0 %) = S¥[*S 0 %)
Using relation (5) we have:

dss 0 Wl - 2%{00)-(00)] {((2-2°T -T0H)«(2-21"-1"C)
()
2" -1 ~T 0"3=(2°-2°1" -1 0" 3+(2"-2"1" -0 079}

Equating expressions (7) and (8) we have.

$
(9) (550 o) - 10%{(0°0)- (0707 ) x°

The eigenfurctions x* are written down explicitly 1n Appendix II.

In 2 sstmilar fashion we obtain
10

(10 (850 +%2) - 20% [(0°0) - (0 09] Z 5

x|
10

GIRLD (*s 0 2l 20% ((0°0)-(0 0] ZZ: y

MATRIX ELFMENTS

We wi!)] now calculate the matrix elements (L S/ ¥ [¥| L S ¥) where the
Hamiltonian 1s given in equation (2). In terms of the ground state wave func:

tion (1) the energy eigenvalue X 1s
K« (VI a? ¢l3s?3d') ragl3s 34 4s] MVl -a? l3s73d° ) +ay(3s 3d° 4s))

Since (QESs:jd’]ﬂ5}¢L3o’33‘}) 0 and (Ji3ei495T1R[U{3s 34" 4s5]) = 0.
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then ¥’ a? ($13s 3d* 4s] [¥|y(3s 3d*45)), or

ANfs

'b 3 19-
(12) N, 2a'w~y<m|1,lm)([°sou‘| 3 cos ”‘Hson)

Since we are dealing with an S state ¥,: ¥  and the cigenfunctions in the ¥ ¥

system are 1dentical with the eigenfunctions in the ¥/ system.

The spin operator only affects the spiis of the i1ndividual electrons, and
the (3 zos’9-1) operator only affects the mlvalues. hence the spin orbital

and radial parts are treated separately.

Recal ling that the i1nteraction between the magnetic field due to the elec
tron cloud and the nuclear moment takes place ut the nucleus, and that the 3s

and 4s unimpaired electrons are the cause of the splitting, we can write
(13) ((*S 0 ¥]i5 (3 cos??~- 1)r ¥ *S 0 ¥i)

< ((*S 0 ¥IiS (3costs -DI{*SC V(R (DR (1)

SR LR (Y e T e R (1) E (2 - R E (D)) A3 480
where 4(:°. %) 1s the angular part of the integral =(-) 1s the radial part of

the integral, and where | and 2 represent the two spatial points (x v =) and

(xz Y, g).

It turrs out that S(r) - 2(R1(0) '51(0)).' lience

(14) Xy o o 420 o w{R2(0) - RUMI({*S 0 4115, (3 cos’™ 1):11%5 0 ¥1)

CALCULATION OF ([*S 0 Vi[5 (3 cos?’s-11{*SC ¥))

1. When we operate on the wave function (*30¥) with 5, = 5, *5, - * s

we obtaln

(153" 50850 %) = 2{(0°07) - (0 00 (2021 - 110"
¥.
(156) 5,050 5 = 31D 0o -0 0
v2l
[ )
(15¢) S,¢50 a'%ai = L], yri0m0y-1070%
'2¥|=l J

Arnendix 11
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Hence we have for ¥ - %
(16) ([*S 0 %])IS (3 cos?9 - 1) (%S 0 %)) =

Ya{(0°07)-(070") ) (2 -2° 1" -1°0") | (3 coa?0-1) | [ (0" 0)-(0° 0") J(Z -2' 1* -1* 0*))
2. Operation with (3 cos?é-1).

In Appendix Il it 1s shown that

(17 (3 cos?d-1) ) [jjz*l) cos! 6 + t (5, 71) cos?O - V3 S(S+ 1)

3
S(S+1
plus terins whose matrix elements vanish.

The values of ;(; *+1) cos?!@ (m,m) for L =2 m=2----2 and [ = m= 0 are shown

in the following table.*

e m 3(; 1) cos’t (m, m)
4 2 27/28
2 ] 8128
2 C 69 28
0 0 7,28

Hence from equations (15) and (16) we have

(%50 'y f'(3 cos?*-1)Hes 0 %) (1039)(6)

(49)(35)
and
(18a) Koo 3l479133‘2 Ay py e (RYO) « RO = ¢ Sa g pd
. '; .
(18%) hxv. 5 “sz.
: I s
(18¢) X, LT

The selection rules for paramagnetic -esonance absorption are A¥ - |

“m=0. Therefore, the transition energy 1s

(19) (ho), = By,- Ko .= 5.814a’wyulRI(0) « RI(0))m + gui

The hyperfine splitting constant is equal to
Ao ~(Aw) , o
: &;ﬁ:_“fizl 2.907&')4~19¢(0) 'R;(O), gauss

gu

* Appendix V.



NUMERICAL CALCULATIONS
The value of a can now be computed from the values of 4 obtained by
Hershberger and Leifer.!

We shall assume Hydrozenic wave functions with an effective charge Zﬁ.°'
The value of 7 , 1s estimated by subtracting the electronic charge under the

nl shell from the nuclear charge.
Using the values

5.28x10°* cm

J H

sy = 5.05%x 107 erg gauss'
S 3.47

sy i

zZ =3

A - 76.2 gauss

we obtain

‘e

a : 143.

CONCLUSTONS

Due to the 1naccuracy with which the effective charge 7 was cstimated,

the numerical calculation given here merely gives an order of magnmitude for .

This laboratory 1s now making use of the proton resonance method of meas
uring magnetic fields. It has also been brought to my attention that a program
of evaluating R  for marv electron atoms 1s now under way at M 1.T* If the
radial wave function for Mn"' becomes available. then together with the more

accurate field measurement a much more accurate estimation of 1 can be made.

Assuming that the theory of the mixture of states 1s the reason for the
large nuclear hyperfine splitting of Mn™, 1t 1s fairly safe to say that the

ground state wave function for Mn'* 1s

Joo= v 86 (35731 0 13 (35 34 4s).

1 g B Ine !
Cr ) [(2;) (n- 1 n__] ¢ A AL

na/ 9n 1we nri? nel
! ! i
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APPENDIX I

If the vectors I, S, and r are at the angles (6,4). (J,,8,), and (6, ¢),
respectively, then the quantity

(Ee)(Se)-ST -
SI{(3 cos??-1) cos € cos 6, + (3 sin?8 - 1)(cos?8 sinf sinéb, cos(¢l'¢z)
* cosY si1nd sinc smt‘l sm(;‘*l'-ﬁi) - cos¢ cos ."23
* 3 sint costlcosdisint cosv, cos¢ *sint, cosy, cos ¢, |

+ s1nd (s1n :3‘ CcOs 6’2 sm¢l ’81092 cos ’01 siné,]))

The selection rules for transitions between nuclear m levels 1s &m:=0.
Therefore, due to parity considerations the diagonal matrix elements of all
\ terms 1nvolving sinr or cos¢ vanish. Hence our Hamiltonian operator

becomes

Ry 5.1,(3 cos?2-1)r"




APPENDIX I1I

xt = (2% -2t 1t -1t OY)
xt = (2 -2° 1t -1t 0%)
xt = (2% -2t 1% -1* 0%)
t.(2t 2t 1t -1P 0Y)

x! = (2t -27 1t -1* 0%)

y! = (28 -2% 1* -1t 0%)
y! oo (28 -2t 1P -1t 0)
y! = (28 -2 1t -1* 0%)
yt = (20 -2t 1* -17 0F)
yb -2t -2 17 -1t 0%)

y! = (20 =27 1% -1t 0f)

yboe (20 <20 1 -1F 0°)

(S0 t%) = 2%(0° 07) - (00 0°)J(2* -2* 1* -1* 0F)
§
(*S 0 t%:) = 10%(0° 0 ) - (0O O’HZ -

10
(450 +%) - 20%((0° 07) - (07 0°)] )



APPENDIX III
EVALUATION OF THE s ® PART OF THE ZATRAIX FLEMENT

R(r) = ([R(DR(2) - R (DR (D) ]r?+r (R (DR (2)-R (2R (1))
< 2R IR IR IR, v 2R IR (R, Ir3IR,)

+ additional terms which vanish because of orthogonality.

Using Fermi s’ result for s electrons 1t 1s found that

R - 2(R0) + RL(0))

10
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APPENDIX IV

Using the vector model of the atom we have.
(J{(J+1)¥ cos 8 - [j,(j,’l)]"cosf?l + . + [j,(],*l)]"cosa,
(J(j + 1)) cos?b = ],(Jlfl)cos’é’l t * 5,(5,*1) cos?é,

v G, Gr DG+ DK cos 6, cos b, + --

The cross product terms give a zero diagonal matrix element because of

the odd parity of cos 8. Since /=S we have

{3 cos?’@-1) - 3(—53'—1) i]l(]l’l)cos’él*” +5,(5,+1) cos?6,

—l$5¢
3( D]
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APPENDIX V¥V

(1) (Fim|cos?8l;m) = ['i'(j mlm,ml)(m, u'l cos’é’lml M‘IJ m)]8(m, mtm )
..
» (jM|m,%)(m,%|cos’9|m,%)(m,K|jm)+(jMiml'%)(M,-%Icoszﬁlm,-%)(m,‘%L7m)

201w+ (20 - 1)
2r+3)2-D

(2) (u,mllcoszela,m.) = f|P,'(c039)c0326ﬁ'(cose)d(cosm
S

(5 mlm,n') 1s a matrix element of the ilotatrion Group (Wigner coefficient)

and has the values

m +% =/
j
l#m‘fl\.“ l°7+l“
ol - 1+ AN I ehle e
(3)  (Gmlam) % <2z+1 ) ( 21 +1 )
_/l-"nx l+a,“
L-% BT +1 2r+1

Since we do not know whether j =1 +% or j=l#%, we shall assume that
both states are equally probable. The matrix element is therefore averaged

over both states of the electron.

From equations (1), (2) and (3) we have

7(; +1)cos?B(m,m) =

(LA +DRQ =)L +m) +(2-D] + (L= b)) (L T2 - =) (L 0 +(20-1)]
' (21 + (21 - 1D(21 1)

(201 +m)(L-m) + (21 -] [42(21+ 1) + 3]
' 4(21 +3)(21-1)

(<) 7+ Dcos?G(m,m) =

The values in the table (p. 5) were calculated with equation (4).
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